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In this paper, the ability of the distinct lattice spring model (DLSM) for modeling stress wave propagation
in rocks was fully investigated. The inﬂuence of particle size on simulation of different types of stress
waves (e.g. one-dimensional (1D) P-wave, 1D S-wave and two-dimensional (2D) cylindrical wave) was
studied through comparing results predicted by the DLSM with different mesh ratios (lr) and those
obtained from the corresponding analytical solutions. Suggested values of lr were obtained for modeling
these stress waves accurately. Moreover, the weak material layer method and virtual joint plane method
were used to model P-wave and S-wave propagating through a single discontinuity. The results were
compared with the classical analytical solutions, indicating that the virtual joint plane method can give
better results and is recommended. Finally, some remarks of the DLSM on modeling of stress wave
propagation in rocks were provided.
 2014 Institute of Rock and Soil Mechanics, Chinese Academy of Sciences. Production and hosting by
Elsevier B.V. All rights reserved.1. Introduction
Stress wave propagation in rocks is one of the most important
issues in rock dynamics, e.g. the damage criteria of rock structures
under dynamic loads are generally regulated according to threshold
values of wave amplitudes: peak displacement, peak particle ve-
locity or peak acceleration. Prediction of stress wave propagation in
rocks is also the fundamental requirement in the study of mecha-
nism of seismic events in earthquake. Up to now, a variety of
theoretical, experimental and numerical studies have been con-
ducted. For example, Schoenberg (1980) and Pyrak-Nolte et al.
(1990) developed analytical solutions to predict the incident
wave through a single dry or fully liquid-ﬁlled fracture using the
displacement discontinuous models. Later, these equations were
validated by laboratory experiments carried out by Myer et al.
(1985) and Suárez-Rivera (1992), respectively. The analytical solu-
tions to interface wave propagation alongside a single failure haveand Soil Mechanics, Chinese
sevier
hanics, Chinese Academy of
rights reserved.been studied by Gu (1994) and Gu et al. (1995), which were also
successfully validated by laboratory measurements. Stress wave
propagation through a single discontinuity is simple and straight-
forward. However, stress wave propagation within a medium with
multiple joints (a typical situation of rock mass in nature) is much
more complex due to multiple reﬂections between separate fail-
ures. For this kind of situation, analytical solutions can only be
derived under idealized conditions; examples can be found in Cai
and Zhao (2000), Zhao et al. (2008) and Li et al. (2010).
To overcome the limitation of analytical method, more andmore
numerical methods have been applied for the analysis of stress
wave propagation in rocks, e.g. the ﬁnite element method (FEM)
(e.g. Moran, 1987), ﬁnite difference method (FDM) (e.g. Reeshidev
and Mrinal, 2008), boundary element method (BEM) (e.g. Demirel
and Wang, 1987), discrete element method (DEM) (e.g. Resende
et al., 2010), discontinuous deformation analysis (DDA) (Jiao et al.,
2007), discontinuous Galerkin method (DGM) (e.g. Park and
Tassoulas, 2002), and numerical manifold method (Fan et al.,
2013; Zhao et al., 2014). Lattice spring model (LSM) can be
viewed as a numerical model based on the concept of bottom-up
and one-dimensional (1D) modeling concept (Wang, 2008;
Rinaldi, 2013). The LSM was originally developed by Hrennikoff
(1941) to solve elasticity problems. However, due to computa-
tional limitations and the development of FEM, this method was
underdeveloped. In recent years, many researchers have renewed
their interests in this method due to its advantage in modeling
solids fracturing. The LSMs are also adopted for stress wave prop-
agation in rocks, e.g. O’Brien (2008) developed a visco-elastic LSM
for seismic wave propagation, and Takekawa et al. (2013) proposed
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of these models only considered the rocks as continuous media
without addressing the joints/discontinuities.
In this work, the application of distinct lattice spring model
(DLSM) (Zhao, 2010; Zhao et al., 2011) to stress wave propagation
through rocks is discussed. The main contributions of the DLSM
are: (1) the restriction on the Poisson’s ratio in classical LSM was
removed through a technique to evaluate spring deformation using
the local strain technique rather than the particle displacements
directly; (2) a close relationship among the spring parameters and
the macro-elastic constants, Young’s modulus and Poisson’s ratio is
established; and (3) the lattice structures can be both regular and
irregular. A few examples of the DLSM on modeling of stress wave
propagation through a continuous rock bar were described in Zhao
et al. (2011). Veriﬁcation of DLSM on modeling 1D P-wave propa-
gation through rock masses was studied by Zhu et al. (2011). In this
context, a more comprehensive investigation on the ability of the
DLSM to model stress wave propagation through rocks is pre-
sented, e.g. both 1D P-wave, 1D S-wave and two-dimensional (2D)
cylindrical wave will be covered.2. Stress wave propagation by the DLSM
2.1. The model
In DLSM, the material is represented as particles bonded
together by springs (see Fig. 1). The equation of motion for the
system is described as
½K uþ ½C _uþ ½M€u ¼ FðtÞ (1)
where u is the vector of particle displacement, [K] is the stiffness
matrix, [M] is the diagonal mass matrix, [C] is the damping matrix,
and F(t) is the vector of external force. In DLSM, Eq. (1) was solved
using the Newton’s Second Law. Details can be found in Zhao (2010)
and Zhao et al. (2011).(a)                                                                   
(d)                                                                   
Fig. 1. Lattice structures in DLSM (Zhao et al., 2011). (a) Simple cubic lattice, (b) Simple cu
lattice.The input elastic parameters in DLSM are the Young’s modulus
and the Poisson’s ratio. During calculation, the spring parameters
are calculated from the following equations:
kn ¼ 32a3D
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(3)
where kn and ks are the normal and shear spring stiffness, respec-
tively; Ei and Ej are the Young’s moduli of the linked particles,
respectively; ni and nj are the corresponding Poisson’s ratios; and
a3D is a microstructure geometry coefﬁcient of the lattice model
expressed as
a3D ¼
P
l2i
V
(4)
where li is the length of the ith bond, and V is the volume of the
model.2.2. Viscous boundary condition
Stress wave propagation in a computational model with
ﬁnite boundary causes the wave to be reﬂected and blended
with the initial input. It is very difﬁcult to analyze the mixed
results. To solve this problem, a non-reﬂection boundary was
implemented into DLSM to simulate the computational model
without ﬁnite boundaries. The viscous non-reﬂection boundary
condition in DLSM is shown in Fig. 2. Three dashpots were
placed at particles on the artiﬁcial boundary plane to minimize
the reﬂected wave. Details on the implementation can be found
in Zhao (2010).              (b)                                                             (c) 
                (e)                                                                                       (f) 
bic II lattice, (c) Simple cubic III lattice, (d) BCC lattice, (e) FCC lattice, and (f) Random
dMaterial A
Material A
Material B
Discontinuity
Discontinuity:
Fig. 3. The weak material layer method to represent discontinuity in DLSM (Zhao,
2010).
Fig. 2. Non-reﬂection boundary condition in DLSM (Zhao, 2010).
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The simplest way to represent a discontinuity is to treat it as a
thin layer of material with weak mechanical properties (E0; n0) as
shown in Fig. 3. There is no need to change the original DLSM code
but only a few modiﬁcations on the pre-processor. The stiffnessFig. 4. The smooth-joint contact mparameters of the discontinuity represented through this method
can be obtained as
kjn ¼
E0ð1 n0Þ
ð1þ n0Þð1 2n0Þd (5)
kjs ¼
E0
2ð1þ n0Þd (6)
where d is the thickness of the layer of weak material.
The idea of virtual joint plane method (Zhao, 2010) is original
from the smooth-joint contact model (Mas Ivars et al., 2008) as
shown in Fig. 4. A similar technique was adopted in DLSM to
represent the discontinuity. The direction of the spring was
changed into the normal direction of the joint plane when a spring
was split by a joint plane, and in the meantime, the spring stiffness
parameters were modiﬁed according to
kbondn ¼
kjnA
ncut
(7)
kbonds ¼
kjsA
ncut
(8)
where kbondn and k
bond
s are the normal and shear stiffness of the
spring bond, respectively; kjn and k
j
s are the stiffness parameters of
the joint plane, respectively; A is the area of the joint plane; and ncut
is the number of spring bonds split by the joint plane.3. Examples
3.1. Particle size and 1D P-wave and S-wave
Inﬂuence of particle size on the numerical accuracy of DLSM
modeling of wave propagation problems was studied in this sec-
tion. Similar work has been conducted for DEM and FEM, e.g. the
mesh size inﬂuence of UDEC onwave propagation has been studied
by Zhao et al. (2008). In order to keep consistent with previous
studies, the term called mesh ratio (lr) (ratio of the particle size to
the wavelength of input wave) was also adopted as the control
parameter.odel (Mas Ivars et al., 2008).
xy
z 
P-wave
Non-reflection boundary
A (y=130.25 mm)
B (y=110.25 mm)
C ( y=90.25 mm) 
D (y=70.25 mm) 
E (y=50.25 mm) 
F ( y=30.25 mm) 
G( y=10.25 mm)
S-wave
Non-reflection boundary
Fig. 5. DLSM models for 1D P-wave and S-wave propagation.
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tion in DLSM can be veriﬁed by simulating a plane elastic wave
propagation through an elastic medium. The used DLSM models
are shown in Fig. 5. The dimension of the model was
70 mm  140 mm  5 mm, and the diameter of spherical particles
was 0.5 mm. The material properties were: density ¼ 2120 kg/m3,
elastic modulus ¼ 27.878 GPa, Poisson’s ratio ¼ 0.298, shear wave
velocity Cs ¼ 2250 m/s, and compressional wave velocity
CP ¼ 4200 m/s. A one-cycle sinusoidal wave with an amplitude of
100mm/s was normally or tangentially applied to the top boundary
and propagates along the y-direction through the model. Seven
measuring points were positioned in the specimen to record time-
histories of the particle velocities (see Fig. 5). For P-wave, the left
and right side boundaries were ﬁxed in x-direction.
The wave frequencies of P-wave were taken different values as
0.1 MHz, 0.2 MHz, 0.5 MHz, 1.0 MHz and 2.0 MHz to produce
different lr values as 1/82, 1/41, 1/17, 1/8 and 1/4. The percentage
error of DLSM on modeling the amplitude of P-wave (the ratio of
the difference amplitude between transmitted-wave and input-
wave) was used as the index to represent the accuracy of the0 
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Fig. 6. Percentage error of wave amplitudes of DLSM modeling of P-wave propagation
with different lr values.numerical results. The results of 1D P-wave propagation are shown
in Fig. 6. It shows that the percentage error decreases with
decreasing particle size and increases with the increasing distance
from wave source. From these results, it was found that the per-
centage error will be less than 5% when lr is smaller than 1/41. For
S-wave, the wave frequencies were selected as 0.2 MHz, 0.1 MHz,
0.05 MHz and 0.025 MHz. The corresponding lr values are 1/22, 1/
45, 1/90 and 1/180. The DLSM modeling results are shown in Fig. 7.
The suggested lr value of DLSM modeling of S-wave propagation
was obtained as 1/90. In DLSM, to obtain a precise wave form, a
value of lr ¼ 1/180 is suggested.
3.2. Inﬂuence of the mesh ratio on 2D wave propagation
The ability of the DLSM to model 2D wave propagation was
studied by simulating stress wave propagation through a cylindri-
cal cavity (see Fig. 8). The analytical solution of the radial
displacement, velocity and stress of the medium can be found in
Graff (1979). The wave velocity attenuation ratio along the radial
direction can be obtained as0
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Fig. 7. Percentage error of wave amplitudes of DLSM modeling of S-wave propagation
with different lr values.
Fig. 8. The problem of stress wave propagation from a cylindrical cavity.
Fig. 10. The DLSM modeling results under lr of 1/17 and analytical solution of the wave
propagation through cylindrical cavity.
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ð1Þ
1 ðbrÞ (9)Hð1Þ1 ðbaÞ
where r is the radial distance,HðnÞm ðxÞ is the Hankel function (Arfken,
1985), and a is the radius of the cavity.
Here, the wave attenuation ratio was used as the index to
compare DLSM modeling results and the analytical ones. Fig. 9
shows the DLSM used to simulate the stress wave propagation
through the cylindrical cavity. A cavity with a radius of 10 mm
exists in an inﬁnite domain. A quarter symmetrical model with a
dimension of 100 mm  100 mm  5 mm was used. The particle
size was 0.5 mm and a total of 396,840 particles were used to build
the computational model. The top and right boundaries were non-
reﬂection boundaries, while the left and the lower boundaries were
symmetrical boundaries. A compressional harmonic wave with
amplitude of 100 mm/s was applied at the boundary of the cavity.
The wave frequencies were taken as 0.1 MHz and 0.2 MHz to
represent lr of 1/41 and 1/17, respectively. The mechanical param-
eters were taken as follows: elastic modulus is 27.878 GPa, Pois-
son’s ratio is 0.298 and the density is 2120 kg/m3.
In order to quantify the DLSM results, the error for detection
point was given as
jErrij ¼
AiðDLSMÞ  AiðanalyticalÞAiðanalyticalÞ
 100% (10)Fig. 9. The used DLSM computational model of the stress wave propagation through
cylindrical cavity.where Ai(DLSM) is the attenuation value of the wave at the ith
monitoring point predicted by DLSM, and Ai(analytical) is the cor-
responding value of the analytical solution. The results of
DLSM modeling and analytical solution are shown in Figs. 10
and 11.
The average error was 10.86% for the DLSM with lr of 1/17 and
1.02% for the lr of 1/41. In this sense, the suggested lr can be also
taken as 1/41 for 2D P-wave propagation problems. The suggested lr
in the DLSM is smaller than that in the UDEC, e.g. the lr of 1/12 was
suggested for the UDEC modeling of P-wave propagation by Zhao
et al. (2008). One of the reasons is that the deﬁnitions of mesh
size and particle size in UDEC and DLSM are different. One single
element in UDEC includes four sub-triangle elements. In this case,
the requirement in UDEC is actually lr ¼ 1/24. For S-wave propa-
gation problem, a strict requirement is set in DLSM (lr ¼ 1/90),
while the UDEC can still use lr ¼ 1/24 (the actual ratio). It is
concluded that a stricter requirement on particle size is needed for
DLSM to model wave propagation than that for UDEC.3.3. P-wave/S-wave across a single fracture
The theoretical expression of the transmission coefﬁcient for an
incident harmonic P-wave/S-wave across a single linearly
deformable fracture in a continuous rock material can be calculated
as (Zhao et al., 2008):Fig. 11. The DLSM modeling results under lr of 1/41 and analytical solution of the wave
propagation through cylindrical cavity.
xy
z
P-wave
Non-reflection boundary
A ( y=130.25 mm)
B ( y=10.25 mm)
S-wave
Non-reflection boundary
Joint Joint
Fig. 12. DLSMs for P-wave/S-wave incidence.
Fig. 13. The modeling results of weak material layer method and analytical solution of P-wave/S-wave propagation through single discontinuity.
Table 1
The errors of weak material layer method on modeling P-wave/S-wave propagation
through a single discontinuity.
kn ks
Value (GPa) Error (%) Value (GPa) Error (%)
124.64 8.92 35.8 17.94
249.28 6.02 71.5 17.98
498.56 3.57 143.1 10.11
1246.4 1.98 357.8 5.7
1994.3 1.33 572.4 3.15
2492.8 1.19 715.5 2.5
7478.5 0.66 2146.6 0.57
12,464 0.57 3577.7 0.27
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4ðk=zuÞ2
1þ 4ðk=zuÞ2
vuut (11)
where jT1j is the transmission coefﬁcient, k is the normal/shear
fracture stiffness,u is the angular frequency of thewave, and z is the
P-wave/S-wave impedance (the product of P-wave/S-wave velocity
andmaterial density). It shouldbementioned that theunit of normal
and shear stiffness of a three-dimensional joint is Pa/m, however, in
this work it is taken as Pa for the 2D examples by assuming that
the thickness in the analytical solution is 1 m. The fast Fourier
transform (FFT) and inverse fast Fourier transform (IFFT) can beused
to obtain the analytical solution of a half-cycle sinusoidal wave
across a single fracture. Details can be found in Zhao et al. (2008).
The DLSMs for P-wave/S-wave across a single fracture are
shown in Fig. 12. The dimension of these models was
70 mm  140 mm  5 mm and the particle size used was 0.5 mm.
The material parameters were: elastic modulus ¼ 27.878 GPa,
Poisson’s ratio ¼ 0.298, and the density ¼ 2120 kg/m3. A half si-
nusoidal P-wave/S-wave with frequency of 20 kHz was applied atthe top boundary of these models. The lr was 1/420 for P-wave
propagation problem and 1/220 for S-wave case.
Firstly, the weak material layer method was used to represent
the discontinuity. A small ratio of the elastic modulus of the base
material is taken as the elastic modulus of the weak material layer,
which was 0.005, 0.01, 0.02, 0.05, 0.08, 0.1, 0.3, and 0.5, to produce
different normal and shear stiffnesses. The modeling results of the
(a) P-wave.                                                                       (b) S-wave. 
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Fig. 14. The modeling results of virtual joint plane and analytical solution of P-wave/S-wave propagation through single discontinuity.
Table 2
The errors of virtual joint plane method on modeling P-wave/S-wave propagation
through a single discontinuity.
kn ks
Value (GPa) Error (%) Value (GPa) Error (%)
100 0.43 50 2.52
200 0.04 100 1.5
500 0.26 250 0.7
1000 0.42 500 0.16
2000 0.52 1000 0.02
3000 0.53 1500 0.13
5000 0.59 2500 0.18
10,000 0.53 5000 0.09
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the difference between analytical solution and DLSM results was
apparent. In order to provide a quantity comparison, the percent-
age errors between numerical and analytical solutions are listed in
Table 1. It can be seen that the error decreases with increasing joint
stiffness. The maximum error of weak material layer method is
about 9% for P-wave and about 18% for S-wave. So this method is
not a good choice for quantitative analysis of wave propagation
through discontinuities.
Fig. 14 shows the results of virtual joint plane method. It can be
seen that better agreements are obtained. The percentage errors of
the virtual joint plane method on modeling P-wave and S-wave
propagation are given in Table 2. The maximum error for P-wave is
0.59% and 2.52% for S-wave. This means that the virtual joint plane
method is better than the weakmaterial layer method onmodeling
discontinuities for stress wave propagation problems.4. Conclusions
Abilities of the DLSM to model wave propagation have been
studied. The inﬂuence of particle size on the numerical error of
DLSM modeling of 1D P-wave and 1D S-wave propagation was
studied. The suggested mesh ratio (lr) for different conditions was
provided. For DLSM modeling of wave problems, the suggested lr
for P-wave is 1/41 and 1/90 for S-wave. The weak material layer
method and virtual joint plane method were used to model P-wave
and S-wave propagation through a single discontinuity and
compared with the analytical solution. The virtual joint plane
method is recommended for modeling discontinuities in the DLSM.Conﬂict of interest
Wewish to conﬁrm that there are no known conﬂicts of interest
associated with this publication and there has been no signiﬁcant
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